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where n donates the normal vector of the surface element 
and a donates the surface area.

The expression for the load distribution f(z,t) on the 
cross-section of long cantilever at the coordinate z is as follows:
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where c donates the curve of the cross-sectional shape.

(15)
(16)

Fig. 9 — The x-component of magnetic flux density of points 1–5 for configurations one and two.

Fig. 10 — The magnetic field indices of magnetic flux density of points 1–5 for configurations one and two.

Table 4 — The Properties of the Beam Model

Property Symbol Value

Modulus of Elasticity E 200 GPa

Media Density ρ 7850 kg/m3

Cross-Section Area AC 0.0326 m2

Length L 20 m

The Area Moment of Inertia I 3.0269×10-4 m4
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Analytical Model of LCWT Vibration

The vibration of the LCWT affects the arc length, which 
modifies the arc’s load characteristics. These changes impact 
the output voltage and current of welding power supplies 
and subsequently influence the magnetic field. Additionally, 
vibration induces adjustments in the wire feed speed within 
the arc voltage feedback system. This study does not delve 
into a detailed examination of the dynamic system charac-
teristics in pipe MSAW. Instead, a simplified analytical model 
for LCWT vibration was established based on the following 
assumptions and premises: 

1. The influence of arc length variations on the arc’s load 
characteristics is neglected, and the amplitude of output 
voltage and current are assumed to be constant. 

2. The LCWT is approximated as a beam with a large aspect 
ratio and uniform cross-section.

3. The beam deformation is minor and elastic, and the 
effects of medium dissipation are neglected.

Under assumptions two and three, the LCWT can be mod-
eled using the Euler-Bernoulli beam theory, as detailed in 
textbooks and literature (Ref. 21). The equation governing 
its transverse vibration is as follows: 

𝜌𝜌𝐴𝐴!
∂"𝑣𝑣(𝑧𝑧, 𝑡𝑡)
∂𝑡𝑡" + 𝐸𝐸𝐸𝐸

∂#𝑣𝑣(𝑧𝑧, 𝑡𝑡)
∂𝑧𝑧# = 𝑓𝑓$%(𝑧𝑧, 𝑡𝑡) 

where the meaning and numerical values of the symbols are 
given in Table 4. v(z,t) is the transverse deflection at the axial 
location z and time t; ftr(z,t) is the transverse force per unit 
length, which is the x-y plane component of f(z, t). The effects 
of axial loads on LCWT were neglected in this model, and the 
validity of this approach is discussed in the “Results” section.

The beam was fixed at one end and free at the other, with 
the following boundary conditions:

𝑣𝑣(𝑧𝑧, 𝑡𝑡)|!"# = 0;	
∂𝑣𝑣(𝑧𝑧, 𝑡𝑡)
∂z

|!"# 

= 0;	
∂$𝑣𝑣(𝑧𝑧, 𝑡𝑡)
∂𝑧𝑧$

|!"% = 0;	
∂&𝑣𝑣(𝐿𝐿, 𝑡𝑡)
∂𝑧𝑧&

|!"% = 0 

𝑣𝑣(𝑧𝑧, 𝑡𝑡)|!"# = 0;		𝑣𝑣(𝑧𝑧, 𝑡𝑡)̇ |!"# = 0 

(17)

(19)

Fig. 11 — The x-component of magnetic flux density of points 2, 6–10 for configurations one and two.

Fig. 12 — The magnetic field indices of magnetic flux density of points 2, 6–10 for configurations one and two.

(18)
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Results

Measurement Results Under Various 
Configurations

Figure 6 presents experimental data for displacement, mag-
netic flux density, and power supply output for four welding 
configurations. The welding process was stable for configu-
rations 1, 3, and 4, as evidenced by the consistent amplitude 
in the magnetic field-time curves and the relatively constant 
output of the power supply. Additionally, the displacement 
measured at the torch end exhibited a slow variation within a 
small range. Configuration 2 exhibited unstable welding behav-
ior. The LCWT remained stable at the outset due to applied 
constraints, but instability and low-frequency vibrations 
occurred when constraints were removed. The initial vibra-
tion amplitude was 1–2 mm, which subsequently increased. 
Concurrently, the output of the welding power supply and the 
wire feed speed became unstable and exhibited oscillatory 
behavior, accompanied by fluctuations in the amplitude of 
the magnetic induction. The stable welding processes yielded 
weld beads with good consistency (Fig. 7A), while the unstable 
process resulted in beads with poor quality (Fig. 7B).

Magnetic Field Distribution

To illustrate the magnetic field, the x, y, and z components 
of the magnetic flux density at point 2 of configuration 1 are 
depicted in Fig. 8 as examples. The magnetic field frequency 
was 70 Hz, which matched the welding current. Of the three 
components, the x-component was dominant, while the 
z-component was negligible. Consequently, the analysis of 
the magnetic field was based on the x-component. The mag-
netic field-time curve was divided into intervals, each with a 
fixed number of sampling points. Spline interpolation was 
then applied to the maxima and minima of these intervals 
to construct upper and lower envelopes. The magnetic field 
indices (MFI) B, Bup, and Blo were defined as follows:

𝐵𝐵" =
1

%𝑁𝑁!"%
' 𝐵𝐵(𝑛𝑛)

#!"$#!#

%&#!"$'
 

𝐵𝐵!"""""" =
1

%𝑁𝑁#"%
' 𝐵𝐵!"(𝑛𝑛)

$!"%$!#

&'$!"%(
 

(20)

(21)

Fig. 13 — The x-component of magnetic flux density of points 2, 6–10 for configurations three and four.

Fig. 14 — The magnetic field indices of magnetic flux density of points 2, 6–10 for configurations three and four.
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' 𝐵𝐵!"(𝑛𝑛)
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where B(n) as the measured value of the magnetic flux den-
sity, Bup (n) and Blo (n) were the upper and lower envelopes, 
respectively; and Nst and Nsp donated the starting sampling 
point and the sampling number, respectively. Nst corre-
sponded to the sample point 5 s after welding started, and 
Nsp was set to 1000, during which the LCWT was constrained 

and the amplitude of magnetic flux density remained essen-
tially consistent. 

Figure 9 displays the magnetic flux density measurements 
at points 1 to 5 for configurations 1 and 2, while Fig. 10 shows 
the corresponding MFI for these locations. As shown in Fig. 9, 
the magnetic field-time curves at points 1–4 in configuration 
two, which were inside the pipe, shifted downward compared 
to those in configuration 1. This shift was also reflected in 
the decrease in MFI for points 1 to 4, as evidenced in Fig. 10. 
Measurement point 5, which was located outside the pipe 

(22)

Fig. 15 — The simulation results of magnetic flux density distribution and magnetic flux lines for configuration 
one.

Fig. 16 — The simulation results of magnetic flux density distribution and magnetic flux lines for configuration 
two.
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for both configurations, exhibited consistent magnetic field 
measurements. Note that the MFIs at points 1–5 for config-
uration 1 were approximately uniform. Similarly, the MFIs 
at points 1 to 4 exhibited consistency for configuration 2.

Figure 11 displays the magnetic flux density measurements 
at points 2, 6 to 10 for configurations 1 and 2, while Fig. 12 
shows the corresponding MFIs. Points 2, 6, and 7, which were 
closer to the TCBs, exhibited prominent magnetic flux density. 
Conversely, points 8, 9, and 10, located more distant from 
the TCBs, exhibited negligible magnetic fields. Similar to 
points 1-4, the magnetic flux density at points 6 and 7 were 
shifted downward in configuration 2 compared to those in 
configuration 1. Notably, the reduction was greatest at point 7, 
closest to the pipe wall, followed by point 6, then the smallest 
reduction was at point 2, which was farther from the pipe wall. 

Figure 13 shows the magnetic flux density measurements 
at points 2, 6 to 10 for configurations 3 and 4, with Fig. 14 
providing the corresponding MFIs. In configurations 3 and 4, 
with the TCBs located above the LCWT, points 8 to 10 were in 
closer proximity to the TCBs, and the magnetic flux densities 
were more significant. In contrast, points 2, 6, and 7 were 
situated below the TCBs, and the magnetic flux densities 
were minor. The magnetic flux density at points 2, 6 to 10 in 
configuration 4 exhibited negligible deviations from that in 

configuration 3, contrasting with the pronounced differences 
observed between configurations 1 and 2.

The FE simulations yielded the magnetic field distribu-
tion, with the simulation results of configurations 1 and 2 
illustrated in Fig. 15 and 16, respectively. Note that the mag-
netic flux density magnitude was logarithmically scaled for 
better visualization. Figure 15 shows that the magnetic field 
in configuration 1 exhibited good axial consistency. For con-
figuration 2 (Fig. 16), the magnetic field within the pipe was 
approximately consistently distributed axially, except in 
regions proximate to the pipe ends. The simulations indicated 
significant magnetic fields near the TCBs, and the magnetic 
field inside the steel pipe wall was substantially greater than 
that in other areas of the space due to pipe magnetization. 
For comparison with experiment data, the magnetic flux den-
sity at point 2 on the FE model was calculated, as shown in 
Fig. 17. Following the transition phase of the first 0.1 s, the 
magnetic field at point 2 exhibited periodic flux density with 
a frequency of 70 Hz, matching the frequency of the welding 
current. Despite higher amplitudes, the simulated magnetic 
flux density components were generally consistent with those 
measured in the experiment (Fig. 8).

The model’s MFI at points 1 to 10 were calculated for con-
figurations 1 and 2. As shown in Fig. 18, in configuration 1, 

Fig. 18 — The simulated magnetic field indices of magnetic flux density of points 1–5 for configurations one and 
two.

Fig. 17 — The x, y, and z components of simulated magnetic flux density of point 2 for configuration one.
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the MFIs at points 1 to 5 were essentially identical. In config-
uration 2, points 1 to 4 were positioned inside the pipe, and 
the MFIs of these points showed reduced values compared 
to those in configuration 1. The reductions of these points 
were observed to be consistent. The MFIs at point 5 showed 
negligible changes, for point 5 was situated outside the pipe 
in both configurations 1 and 2. The simulation results for the 
MFI at points 6 to 10 also revealed a decrease compared to 
configuration 1, with the magnitude of the reduction varying, 
as depicted in Fig. 19. Among points 2, 6, and 7, point 2, which 
was closest to the pipe wall, exhibited a higher reduction in MFI. 

Figure 20 illustrates the calculated MFI values at points 2, 
6 to 10 for configurations 3 and 4. With the TCBs positioned 
above the LCWT, the MFIs at points 8, 9, and 10 were signifi-
cantly higher than those at points 2, 6, and 7. Furthermore, 
there were minor differences in the MFIs calculated in points 2, 

6 to 10 in configurations 3 and 4 in contrast to the pronounced 
differences observed between configurations 2 and 1.

Electromagnetic Load

Electromagnetic loads on LCWT were calculated based on 
the results of electromagnetic field simulation. Given the axial 
consistency of the magnetic field distribution, the position at 
z = 12 m along the LCWT was chosen for load analysis. This 
location was positioned inside the pipe for configurations one 
and three, and outside the pipe for configurations two and 
four. The calculated electromagnetic loads at this position are 
presented in Fig. 21. Among the four welding configurations, 
significant electromagnetic loads are observed solely in con-
figuration two. The loads associated with the remaining three 
configurations were negligible and, thus, are not considered 

Fig. 19 — The simulated magnetic field indices of magnetic flux density of points 2, 6–10 for configurations one 
and two.

Fig. 20 — The simulated magnetic field indices of magnetic flux density of points 2, 6–10 for configurations 
three and four.

Fig. 21 — The electromagnetic load per unit length on LCWT at coordinate z = 12 m.
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further. Notably, the load in configuration two is transverse, 
primarily oriented along the y-axis, and exhibits periodicity 
that correlates with the welding current frequency of 70 Hz.

The axial load distribution along the LCWT was additionally 
computed, as depicted in Fig. 22. Significant electromagnetic 
load distribution is observed only on the LCWT in config-
uration two, with negligible loads in other configurations. 
Regarding configuration two, note that the load distribu-
tion on the LCWT is directly related to the pipe’s position. 
Specifically, the load is exclusively imposed on the segment 
of the LCWT that is positioned inside the pipe, whereas the 
outer segment remains largely devoid of significant loading. 
Furthermore, it is notable that the load on the LCWT within 
the pipe is distributed with approximate uniformity.

The Response of the Long Cantilever 
Welding Torch

The vibration response analysis of the beam can be con-
fined to configuration two, as the electromagnetic excitation 
on LCWT is negligible in other configurations. According to 
the simulation, the analytical expression for the loads on 
LCWT can be represented by the following equations:

𝑓𝑓!"(𝑧𝑧, 𝑡𝑡) = 𝐹𝐹!(𝑡𝑡)𝑃𝑃(𝑧𝑧)𝜀𝜀(𝑡𝑡) 

𝑃𝑃(𝑧𝑧) = &
0																	(𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒)
1			(𝑧𝑧 ∈ (7.4, 18.5)) 

where Ft(t) denotes a periodic function with a frequency of 70 
Hz, characterizing the load fluctuation over time, P(z) serves 
as an indicator function delineating the spatial distribution 
of the load across LCWT; and interval (7.4,18.5) represents 
the portion of the long cantilever located within the pipe.

The response of LCWT under electromagnetic loads is 
calculated via modal superposition, with the derivation in 
Appendix I. An approximate solution of the displacement-time 
equation for the LCWT’s end is provided as follows:

𝑣𝑣!(𝑡𝑡) = −0.5322,1 − cos(4.275𝑡𝑡)3[𝑚𝑚𝑚𝑚] 

Upon releasing the constraints, the cantilever’s end exhib-
its a maximum deflection of 1.06 mm from its initial position, 
in concordance with our experimental measurements.

Discussion
Both experimental and simulation results confirm the 

magnetization of steel pipes in the welding process. More 
importantly, magnetized steel pipes are found to induce 
magnetic fields and influence the magnetic field distribu-
tion within the pipe. As illustrated in Figs. 10 and 18, the MFI 
variations at points 1–4 for configuration two, as compared to 
configuration one, result from the altered positions of these 
points relative to the pipe. In configuration one, points 1–4 
are situated outside the pipe and at a significant distance, 
whereas in configuration two, they are positioned inside the 
pipe. With the welding parameters constant, the magnetic 
field contributions induced by the welding circuit current are 
roughly equivalent for both configurations. Consequently, 
the observed MFI variations confirm and characterize the 
influence of the “additional” magnetic field generated by the 
magnetized steel pipe. In Fig. 9, the measurement results at 
point 4 for configuration two further demonstrate the impact 
of the magnetic field from the steel pipe. As welding pro-
gresses, the location of point 4 shifts from the interior to the 
exterior of the pipe, and a transition phase of the measured 
magnetic field can be observed, which demonstrates the 
diminishing and eventual disappearance of the steel pipe’s 
magnetic field influence.

In the studied case, the magnetic field induced by the mag-
netized steel pipe is approximately uniform along the steel 
pipe’s axial direction, as shown in Fig. 16. This uniformity can 
be attributed to the cantilever and steel pipe’s large aspect 
ratios and their approximately consistent cross-sectional 
areas along the z-axis, suggesting a form of translational 
symmetry, which is also corroborated by experimental results, 
as shown in Fig. 10. Despite the deviations from the idealized 
finite element model in real welding equipment, and consid-
ering instrumental precision and measurement errors, the 

(23)

(24)

(25)

Fig. 22 — The simulated load distribution on LCWT.
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measured magnetic field consistency at points 1–4 is slightly 
less than the simulation results (see Fig. 18). However, it is 
still within an acceptable error range, suggesting that the 
axial uniformity is valid.

The magnetic field excited by the pipe is related to the loca-
tion of the TCBs, which acts as the magnetizing field source. 
As shown in Figs. 14 and 20, with the TCBs positioned above 
the LCWT, the magnetic field at the measurement points 2, 
6–10 shows no significant difference under inside-pipe versus 
outside-pipe conditions, suggesting that the magnetic field 
excited by the magnetized steel pipe is negligible. In com-
parison, when TCBs are secured below the LCWT, significant 
variations are observed at these points under inside-pipe 
versus outside-pipe conditions (see Figs. 12 and 19), indicat-
ing a more significant magnetic field contribution from the 
magnetized pipe.

The magnetic field of the magnetized steel pipe is consid-
ered the causal factor for the LCWT vibration. As shown in Fig. 6, 
although LCWT is predominantly positioned within the pipe in 
configurations two and four, vibration is only observed in con-
figuration two, where the magnetized steel pipe generates a 
significant magnetic field within the pipe’s interior. In contrast, 
no obvious cantilever vibration was observed in configuration 
four, as the influence of the steel pipe’s magnetic field is rel-
atively minor. Simulation and analytical results further reveal 
the mechanism by which the steel pipe’s magnetic field causes 
LCWT vibration. As shown in Figs. 21 and 22, the magnetized 
steel pipe applies high-frequency (70 Hz) electromagnetic 
loads through the magnetic field to the LCWT within the pipe, 
resulting in small amplitude, low-frequency vibrations. 

The experimental and simulation findings can inform the 
design and optimization of inner-diameter welding equipment. 
Designers must consider the magnetizing effects of welding 
circuit currents and potential magnetic interactions with the 
magnetized steel pipe, particularly for equipment with lower 
rigidity structures such as cantilever beams. Optimizing the 
placement of welding cables is essential to mitigate magnetic 
interactions and maintain stability in welding, as the cable 
currents influence pipe magnetization, leading to magnetic 
forces acting on the equipment from the pipe.

Conclusion
This study employs a combination of experiments and finite 

element simulations to model the magnetic field in oil and gas 
pipes inside MSAW. It identifies the physical mechanisms of the 
vibration of the LCWT used in welding, providing a foundation 
for spiral pipe final-welding system optimization. The study’s 
conclusions are as follows:

1. In the scenario of steel pipe MSAW, the magnetic field 
excited by the welding current is a significant issue, as it 
magnetizes the steel pipe, which in turn interacts with other 
welding equipment through its magnetic field and affects the 
stability of the welding process. 

2. In the case studied, with the LCWT and pipe having a large 
length-to-diameter ratio and nearly equal cross-sections, 
the magnetic field induced by the steel pipe is approximately 
uniformly distributed along the axial direction. The influence of 
the steel pipe is dependent on the location of the TCBs, which 

function as the excitation source. When the TCB is close to the 
pipe wall, the magnetized steel pipe significantly contributes 
to the magnetic field within the pipe. Conversely, this con-
tribution becomes negligible when the TCB is farther away.

3. The magnetized steel pipe imposes electromagnetic loads 
on the long cantilever through the magnetic field it excites, 
thereby causing vibrations. Optimizing the position of the TCB 
can diminish the magnetic field contribution from the mag-
netized steel pipe, reducing LCWT vibration and improving 
welding process stability.

4. To ensure welding process stability, the design of inner-di-
ameter welding equipment, especially those with low rigidity, 
must consider the magnetization of the steel pipe and the 
magnetic forces between the pipe and the equipment. 
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Appendix 
This appendix presents the derivation process of the beam’s 

response, which is solved using the method of separation of 
variables. First, let ftr (z,t) = 0 to obtain the natural frequencies 
and modals. v(z,t) = W(z)T(t) is separated into two functions 
such that v(z,t) = W(z)T(t). From equation 17, it follows that:

𝑇𝑇(𝑡𝑡)̈ + 𝜔𝜔!𝑇𝑇(𝑡𝑡) = 0 
𝑑𝑑!𝑊𝑊(𝑧𝑧)
𝑑𝑑𝑧𝑧! − 𝛽𝛽!𝑊𝑊(𝑧𝑧) = 0 

where 𝜔 denotes the angular frequency; 𝛽 is related to 𝜔 
as follows:

𝛽𝛽! =
𝜌𝜌𝐴𝐴"
𝐸𝐸𝐸𝐸 𝜔𝜔

# 

The boundary condition (18) can be expressed in terms 
of W(z) as follows:

𝑊𝑊(𝑧𝑧)|!"# = 0;	
∂𝑊𝑊(𝑧𝑧)
∂z

|!"# 

= 0;	
∂$𝑊𝑊(𝑧𝑧)
∂𝑧𝑧$

|!"% = 0;	
∂&𝑊𝑊(𝑧𝑧)
∂𝑧𝑧&

|!"% = 0 

Plugging (A3) in (A2), the frequency equation and the 
modal expression are obtained as follows:

cos𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽ℎ𝛽𝛽𝛽𝛽 + 1 = 0 

𝑊𝑊(𝑧𝑧) = 𝐶𝐶[(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − 𝑐𝑐𝑐𝑐𝑐𝑐ℎ𝛽𝛽𝛽𝛽) 

−
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑐𝑐𝑐𝑐𝑐𝑐ℎ𝛽𝛽𝛽𝛽)
(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑠𝑠𝑠𝑠𝑠𝑠ℎ𝛽𝛽𝛽𝛽)

(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑠𝑠𝑠𝑠𝑠𝑠ℎ𝛽𝛽𝛽𝛽)] 

where C is an arbitrary constant. 𝜔 for the first five modes 
are tabulated in Table A1.

The Euler-Bernoulli beam’s modes satisfy the orthogonality 
condition, with specific Cm and Cn such that Wm (z) and Wn 
(z) are regular modes, yielding:

! 𝜌𝜌𝐴𝐴!𝑊𝑊"(𝑧𝑧)𝑊𝑊#(𝑧𝑧)𝑑𝑑𝑑𝑑
$

%
= 𝛿𝛿"# 

! 𝐸𝐸𝐸𝐸𝑊𝑊!(𝑧𝑧)
𝑑𝑑"𝑊𝑊#(𝑧𝑧)
𝑑𝑑𝑧𝑧" 𝑑𝑑𝑑𝑑

$

%
= 𝜔𝜔#&𝛿𝛿!# 

where 𝛿mn is the Kronecker delta symbol. 𝛿mn = 1 when m = 
n; 𝛿mn = 0 otherwise. 

The solution v(z,t) of equation 17 can be represented as a 
summation of modal multiplied by functions qr(t). Under typical 
conditions, the energy of beam vibrations is concentrated in 
the first few modes, and thus it is sufficient to consider only 
the first five modes for analysis:

𝑣𝑣(𝑧𝑧, 𝑡𝑡) =(𝑊𝑊!(𝑧𝑧)𝑞𝑞!(𝑡𝑡)
"

!#$

 

Plugging (A9) in (17) with the orthogonality condition, and 
initial condition, the expression of qr(t) is as follows:

𝑞𝑞!(𝑡𝑡) = & 𝑁𝑁!(𝜏𝜏)
𝑠𝑠𝑠𝑠𝑠𝑠𝜔𝜔!(𝑡𝑡 − 𝜏𝜏)

𝜔𝜔!
𝑑𝑑𝑑𝑑

"

#
 (A1)

(A2)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)

(A3)

(A4)
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𝑁𝑁!(𝑡𝑡) = & 𝑓𝑓"!(𝑧𝑧, 𝑡𝑡)𝑊𝑊!(𝑧𝑧)𝑑𝑑𝑑𝑑
#

$
 

Therefore, 

𝑣𝑣(z, t) =(
𝑊𝑊!(𝑧𝑧)
𝜔𝜔!

"

!#$

, 𝑁𝑁!(𝜏𝜏)sin	(𝜔𝜔!(𝑡𝑡 − 𝜏𝜏))𝑑𝑑𝑑𝑑
%

&
 

Plugging (A9) in (17), the expression of the end of LCWT 
is as follows:

𝑣𝑣!(t) =&𝐾𝐾"

#

"$%

( 𝐹𝐹&(𝜏𝜏)sin	(𝜔𝜔"(𝑡𝑡 − 𝜏𝜏))𝑑𝑑𝑑𝑑
&

'
 

𝐾𝐾! =
𝑊𝑊!(𝐿𝐿)
𝜔𝜔!

( 𝑃𝑃(𝑧𝑧)𝑊𝑊!(𝑧𝑧)𝑑𝑑𝑑𝑑
"

#
 

The value of Kr can be determined through numerical inte-
gration utilizing the available parameters, Kr for the first five 
modes are tabulated in Table A2. Note that Ft (𝜏) is periodic 
and can be rewritten in the form of a Fourier series. It can 
be approximately represented by the first four harmonics.

𝐹𝐹!(𝜏𝜏) = 𝑎𝑎" +(𝑎𝑎#cos	(𝑘𝑘𝜔𝜔$𝜏𝜏 + 𝜑𝜑#)
%

#&'

 

where 𝜔o = 140𝜋, the coefficients ak and 𝜑k can be calculated

from the simulation results, with values of the first five terms 
displayed in Table A3. Note that k𝜔o >> 𝜔r(r = 1,2,3,4,5), the 
following equations are satisfied:

! 𝑎𝑎! cos(𝑘𝑘𝜔𝜔"𝜏𝜏 + 𝜑𝜑!) sin/𝜔𝜔#(𝑡𝑡 − 𝜏𝜏)2𝑑𝑑𝑑𝑑
$

"

= 𝑎𝑎!
−ω%cos	(𝜑𝜑!)(cos(𝑘𝑘ω"𝑡𝑡) − cos(ω%𝑡𝑡)) + sin	(φ&)(ω% sin(𝑘𝑘ω"𝑡𝑡) − 𝑘𝑘ω"sin	(ω%𝑡𝑡)))

𝑘𝑘'ω"' − ω%'
 

≪ |𝑎𝑎"| 

Therefore, 

𝑣𝑣!(t) ≈&𝐾𝐾"

#

"$%

( 𝑎𝑎& sin-𝜔𝜔"(𝑡𝑡 − 𝜏𝜏)2𝑑𝑑𝑑𝑑
'

&
 

=&
𝐾𝐾"𝑎𝑎&
𝜔𝜔"

#

"$%

(1 − cos	(𝜔𝜔"𝑡𝑡)) 

Substituting the numerical values of each variable yields:

𝑣𝑣!(t) ≈ −0.5322,1 − 𝑐𝑐𝑐𝑐𝑐𝑐(4.275𝑡𝑡)4 

+	0.008,1 − 𝑐𝑐𝑐𝑐𝑐𝑐(26.791𝑡𝑡)4 

+	5.691 × 10"#(1 − cos(75.024𝑡𝑡)) 

−	2.832 × 10"$(1 − cos(147.021𝑡𝑡)) 

+	2.734 × 10"$(1 − cos(243.010𝑡𝑡))… 

≈ −0.5322,1 − 𝑐𝑐𝑐𝑐𝑐𝑐(4.275𝑡𝑡)4[𝑚𝑚𝑚𝑚] 

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

Table A1 — The Characteristic Angular Frequencies for the First Five Modes

r 1 2 3 4 5

ωr (rad/s) 4.275 26.791 75.024 147.021 243.010

Table A2 — The Characteristic Angular Frequencies for the First Five Modes

r 1 2 3 4 5

Kr 1.0766 × 10–3 -1.0106 × 10–4 -2.0206 × 10–5 1.9704 × 10–6 -3.1441 × 10–6

Table A3 — The Value of ak and φk

k 0 1 2 3 4

ak -2.1132 1.32926 0.492216 0.172253 0.242708

φk – 0.2008π -0.8727π 0.7937π 0.1155π
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